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Abstract—An expression is derived for the duration of contact for a Hertzian impact of a
spherical indenter on a Maxwell solid valid for nT, <1. The result disagrees with a previous
analysis. The expression is compared with numerical predictions of the contact duration in
which empirical creep and relaxation functions were used.

INTRODUCTION

The present note is concerned with the prediction of the duration of contact from the
governing equations of motion for the nearly elastic Hertzian impact of a spherical indenter
on a Maxwell solid. Hunter[1] produced the first general solution of the impact problem
for a linear viscoelastic solid with arbitrary mechanical properties for the case where the
penetration «(t) attained a single maximum. The result was a pair of coupled nonlinear
integro-differential equations whose solution in practice was feasible only on a numerical
basis. However, Hunter analyzed his equations assuming a nearly elastic impact on a
Maxwell solid. His resulting equations of motion for the indenter in dimensionless variables
valid for K < 1 were for { <{,,

W+ KWw—1)==54w¥2 w=0, w=1, {=0 1)
and for { > {,,
w—KQG3w+1)==5/dw¥?  w=w,, w=0, (=(, 93]

where K = noo/V, w = dw/d{, w = r3/Ra, is the normalized radius of contact, { = Vt/a,
is the normalized time, and {,, is the normalized time at maximum penetration. Here, 7 is
the mean inverse relaxation time of the solid, R is the sphere radius, r, is the radius of
contact, V is the initial impact velocity, and «, is the maximum penetration for an elastic
solid.

Hunter approximated the solutions to equations (1) and (2) giving estimates of the
coefficient of restitution and impact duration T valid for #T, < 1 where T, is the elastic
impact duration. His results were

T = To(1 ~ 0-037(nT,)) 3
and
e=1—4/91T,) 4
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where

15M(1 — v)

2/5 %
R | ™ 0.
32R" 2y, ) 2 4

Ty = 294 (
Here, up, is the instantaneous shear modulus, M is the sphere mass, v is Poisson’s ratio, and
I, is the Hertz integral, I, = {5 dy/(1 — y/2)1/? ~ 1-47.

Calvit[2] solved Hunter’s original pair of coupled nonlinear integro-differential equations
numerically using empirical values of the creep and relaxation functions at various tem-
peratures for polymer blocks to predict experiments for the rebound of steel balls on the
same material. His numerical results predicted impact durations T and coefficients of
restitution e. At all temperatures his solutions gave penetration times T > T, which is in-
consistent with equation (3).

ANALYSIS
To correct the inconsistency, one can re-examine the analysis of equations (1) and (2)
leading to equation (3). Thus, assuming that K < 1 and w,, = 1 + Q where Q = 4/5K(1 — I)
(see [1]), I, = [§ (1 — y3/®)"? dy ~ 0817, and w,, is the normalized radius of contact at
maximum penetration, the time to maximum penetration is given by

W

VTm wm dw tdw Tt dw
:J' —=| = +f (5)
Qg [ o W 1
where
W2 =w, 3% — wS'2 4 2K(w — w,) + 2K f '"(Wms/z — W2 4 2K(w — w, )2 dw.  (6)

Expanding the integrand of equation (5) to zero order in K gives

1 1

Evaluation of the first integral on the right of equation (5) then gives

Ldw ! dw
S fo Tt O(K) = I, + 0(K). (8)

However, with the second integral in equation (5) which Hunter seems to have neglected.
one can expand w? around w,, giving to first order in K

w? > 5/2(w,, — w) + O(K?). 9

Substitution of equation (9) for the second integral on the right of equation (5) then gives

1+Q dw N2 1+Q dw
f] —;{)— >~ ('5') fl (W — W)1/2 + 0(K3/2)

or

Q
j1+ d_LV ~ 2(2/5)1/291/2 + 0(K3/2). (10)
1 w
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After carrying the same procedure out above for times t > T, one finds the impact
duration to be
8 ‘
T 21, + g\/2(1 — I)V2KY2 4 o(K) (11)
%o

or that
T =Ty(1 + 0-193(11’1"0)”2 + 0(nTy)). {12)

Equation (12) is now consistent with Calvit’s result.

DISCUSSION

In lieu of solving equations (1) and (2) numerically, the validity of equation (12) was
checked using Calvit’s numerical results. This was accomplished by making the a priori
assumption that Calvit’s numerical solutions described a nearly elastic collision on a
Maxwell solid. Thus, values of #T, for an equivalent Maxwell solid were determined at
various temperatures using Calvit’s predictions of the coefficient of restitution e and
equation (4). A crossplot of the equivalent nT, vs temperature and Calvit’s prediction of
T/T, vs temperature was then compared with equation (12). The result is shown in Fig. 1.
The agreement is fair particularly if one notes that Calvit acknowledges spurious results in
his determination of the relaxation and creep function at 80°C. (This corresponds to
nT, ~ 25 in Fig. 1.)

| l | ] |

Fig. 1. Impact duration versus mean inverse relaxation time. ————, Eq. (12). A, from
calculations for 11/16 in. steel sphere dropping onto polymethylmethcrylatef2].
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Pestome — ITonyunnu BeIpaXk€HHE HAa NPOJOIDKMTENBHOCTh KOHTAKTA CHepHuecKOro HHICH-
TOpa NpH TepIHOHOBCKOM yAape N0 TBEpAOMY Teily, NOAYHHIOMIEMYCH 3aKOHY MaxcBeia,
B JAHHOM ciyyae — n7To < 1. Pe3ynbrar He COBHAN C NPEXHAM AHAIM30M. BHIpakeHHC
CPaBHHMBAETCH ¢ YUCJICHHBLIMHU IPENCKA3ZAHHAMH IPOHOJDKHTENBHOCTH KOHTAKTa B KOTOPHIX
HCTIONB30BANIACE IMIMpPHYECKas JedopMaLus NON3YYeCTH M HYHKLHA pellakcaryii.



